ABSTRACT
INTRODUCTION
Dengue fever is one of the most rapidly growing mosquitoborne viral infections diseases found in tropical and subtropical regions across the world. According to the present survey of the World Health Organization (WHO), about 50 million cases of dengue occurred in the world every year and over 40% of the world's population is at risk of dengue (WHO 1997) . Dengue fever is caused by four antigenic-ally related but distinct serotypes namely DEN-1, DEN-2, DEN-3 and DEN-4 serotypes. World Health Organization (WHO) estimated that the incidence of dengue fever increased 30-fold between 1960 and 2010.
In Pakistan, the first confirmed dengue hemorrhagic fever outbreak occurred in June 1994, and after that a large number of cases have been reported in different hospitals of the region (Chan et al. 1995) . Two serotypes namely DEN-1 and DEN-2 were founded in the sera of children that had undifferentiated fever (Akram et al. 1998) . Paul et al. (1998) reported that an outbreak of dengue fever in the Baluchistan province occurred due to co-circulation of DEN-1 and DEN-2. During the year [2005] [2006] , there was an unprecedented rise in epidemic DHF activity in the country with a large number of cases being reported from Karachi. In year 2006, about 3640 patients with dengue fever (due to DEN-2 and DEN-3 serotypes) were admitted to several hospitals in the country and 40 were reported dead (Khan et al. 2007) .
In this paper, we used a model of dengue fever proposed by Derouich et al. (2003) . The human population is divided into three subclasses, susceptible , infected and recovered classes, while the vector population is divided into two subclasses, susceptible and infected classes. The model shows that there is a basic reproductive ratio R 0 that conceptualizes the rate of spread of a dengue disease and determines a threshold: when R 0 < 1, a typical infective give rise, on average, to less than one secondary infection and the disease will die out. While, when R 0 > 1, a typical infection gives rise, on average, to more than one secondary infection, leading to an epidemic (Hethcote et al. 2000) .
The rest of the paper was organized in the following way: First, we formulate the model. In the next two sections we will calculate equilibrium points and discuss their stability. After that we derived an explicit formula for basic reproduction number R 0 . Estimation of R 0 is given in the last section.
Using Matlab, graph of daily number of cases are plotted against cumulative number of cases for different hospital of Punjab (Pakistan) and force of infection is obtained which is the slope of the graph.
In simulation, we discussed the role of partial vaccination against all four serotypes that can control the second epidemic and particularly the evolution of dengue fever to more severe form dengue hemorrhagic fever.
A MODEL OF DENGUE FEVER FIRST EPIDEMIC
In this model, host population N H (t) is divided into three compartments: Portion of population which is exposed to get infected by dengue virus is termed as susceptible S H (t), a part of the population which is infected I H (t) and people who have recovered R H (t) and vector population N V (t) is divided into two groups of mosquitoes that potentially infected by dengue virus S V (t) and mosquitoes that were infected with dengue virus I V (t). Using block diagram (1), the dynamical system for human (host) and mosquito (vector) population can be modeled by following ordinary differential equations.
( 1) of (1) 
As and implies that . Thus (4) takes the form (5) Solving (5) for and then substituting value of in (3) we obtain: (6) and ,
where and Solving (3) for we get where S H (t) + I H (t) + R H (t) = N H (t) and S V (t) + I V (t) = N V (t) and C VH , C HV are the contact rate of vector to host and host to vector, respectively. γ is the inverse of the duration of host viraemia, μ is the mortality rate of the vectors, λ is the mortality rate of human population and p is the proportion of susceptible humans which is permanently immunized against all four serotypes. Normalizing system Substituting values of and from (6) and (7) in (8) we get implies that = 0 or Equation (7) gives and , where a n d
STABILITY FOR EQUILIBRIUM POINTS
We obtain eigenvalues for equilibrium point by taking det(JV i -ς j I) = 0, where JV i , stands for Jacobian matrix for equilibrium points V i for all i = 1; 2, I is 3 × 3 identity matrix and V j for all eigenvalues, which are obtain from left hand side of equations (2), (3) 
The characteristic equation has three eigenvalues ζ 1 , ζ 2 and ζ 3 . These eigenvalues will have negative real part if they satisfy Routh-Hurwitz criteria (Robert 1997 ) for stability i.e., A > 0, C > 0 and AB > C. Clearly A > 0, C > 0 and AB > C, if R 0 > 2 + . Thus the endemic equilibrium state is locally asymptotically stable for R 0 > 1 + , where R 0 (basic reproductive number) is the number of secondary cases when an infected person is introduced in a totally susceptible population.
PRINCIPLE OF HERD IMMUNITY
Herd immunity in a host population is achieved by vaccination of susceptible people. Here in this model R 0 ≤ 1 + i.e. λ(R 0 -1) ≤ p represents the principle of herd immunity.
SECOND EPIDEMIC
In this case, we assumed that a fraction of susceptible host population is globally immunized against all four serotypes (i.e. DEN-1, DEN-2, DEN-3 and DEN-4) or partially immunized against one, two or three viruses. The onset of second infection of immunized or removed class with another virus leads to DHF (Dengue hemorrhagic fever). In this section we concentrate only on the removed R H (t) of first epidemic who are now exposed to the second epidemic where new population is N H (t). 
where 'Λ' is the force of infection, H 0 is the initial proportion of susceptible hosts; and is the initial proportion of susceptible vectors. Here H 0 and V 0 are some constants.
Suppose that non-susceptible humans and vectors are negligible. So that S H (t) ≈ N H (t) and S V (t) ≈ N V (t). R 0 is derived from the equations as:
Differentiating (9) with respect to t we obtained:
and (10) substituting (10) in (2) and (5) we get
and
simplifying (11) and (12) where T is the temperature in degrees Celsius and Pvd is vapour pressure in mbar. We collected metrological data from the metrological department of Punjab province during the epidemic year 2010-2011. Data include vapour pressure, relative humidity and temperature (C 0 ) of Lahore which is used in the estimation of mortality rate of vector population. The average yearly temperature of Lahore is 24.5 C 0 . Graph of temperature of Lahore against months is shown in Figure 2 .
We also collected dengue fever data during the year 2010-2011 from the directorate of general health Punjab, converge to the disease free equilibrium state when p = 0 implies = 0. The susceptible proportion tends to be 1, since in the disease free equilibrium state, the whole population is healthy. The infected proportion of both human and vector converges to zero, which shows that population is disease free. Figure 6 (a)-6(c) shows numerical solutions for R 0 > 1 and oscillate to the endemic equilibrium state V 2 (0.0364; 0.000527; 0.00276).
CONCLUSION
Dynamical analysis of the model shows that the existence of two equilibrium points. One is the disease-free equilibrium point which is locally asymptotically stable when R 0 < 1. The second equilibrium point is endemic equilibrium point which is locally asymptotically stable if R 0 > 1. We obtained the basic reproduction number and then estimated its value by using data of different hospitals in Lahore (Pakistan). On the basis of these estimations we conclude that Dengue is epidemic in Lahore and serious actions must be taken to control the dengue disease. Otherwise it may spread to other parts of the country. It means that in year (2010-2011) the Dengue disease is an epidemic in Lahore (Pakistan).
In the absence of dengue vaccine, public health control depends on the reduction of reproduction number R 0 , which is reduced by decreasing the parameters C HV and C VH . This can be done by reducing the vector breeding sites, decreasing the life span of vector, reducing the mosquito biting rate by quarantine and by targeted spray on larval places. 
